Abstract: We present a simple and highly efficient approach to directly generate tunable Airy beams, which can propagate along arbitrary monotonic curves. Such beams are generated by modulating a Gaussian beam imposed by tunable phase-only patterns. The analytic relationship between phase and propagation trajectory is derived by applying caustic theory. In addition, by utilizing symmetry of phase, we also generate tunable quadrate Airy beams that are composed of four independent Airy beams. As opposed to conventional Airy beams, quadrate Airy beams exhibit distinctly symmetric intensity profiles, autofocusing, and tunable trajectories. Moreover, such beams present a thin needle-like structure in the focus region along longitudinal directions. Despite differences in propagation trajectories, such accelerating beams also show nondiffracting and self-healing characteristics. Experimental results agreed well with theoretical predictions. The tunability of such beams may provide further possibilities for applications such as flexible optical manipulation. (The caption of Graphic Abstract is geometrical model of the tunable Airy beams.)
Introduction
Ever since Berry and Balazs theoretically verified the Schrödinger equation can exhibit nonspreading Airy wave packet solutions [1] , Airy beams have been attracting significant interest owing to their unusual properties, including non-diffraction [2] , self-acceleration [3] , and self-healing [4] , [5] . Airy beams were first observed experimentally [2] , but beginning in 2007 research into self-accelerating Airy beams has advanced rapidly for several applications, such as light bullets [6] , optical manipulation and trapping [7] , [8] , optical clearing [9] , and plasma guiding [10] , [11] .
Among these beneficial Airy beam properties, perhaps the most promising is their ability to accelerate along a parabolic trajectory. Even more intriguing is the possibility of controlling the propagation trajectory. Hu et al. tuned the propagation trajectory by deviating the phase pattern or input Gaussian beam from the optical axis [12] . Efremidis et al. controlled the propagation trajectory of an Airy beam by employing a linear index potential with a gradient [13] , [14] , in which the Airy beam could propagate along an arbitrary trajectory. Recently, the acceleration control of Airy beams was achieved using nonlinear photonic crystals [15] . Circular Airy beams have been used to control the position of an autofocusing point using a linear optical potential [16] . Propagation following a tunable trajectory has also been investigated using amplitude modulation [17] . Recent work has demonstrated a tunable quasi-Airy beam, which can move along arbitrary parabolic trajectories [18] . Zhang et al. investigated the propagation of Airy beam in a parabolic potential, where this propagation leads to an unusual oscillation [19] . Two in-phase or out-of-phase Airy beams and their interactions between were discussed in Kerr and saturable nonlinear media, where a single soliton and soliton pairs can be generated [20] . In addition, a chirped Gaussian beam can propagate along a zigzag trajectory in the fractional Schrödinger equation with a harmonic potential [21] . As such, controlling the propagation of Airy beams has become a topic of great interest in practical engineering.
In addition, researchers have developed a variety of derived Airy beams, or accelerating caustic beams, which can be considered complementary for practical applications. A dual Airy beam has been theoretically derived from the paraxial equation of diffraction [22] . Subsequently, regular accelerating polygon beams were investigated [23] but only achieved an odd number of intensity maxima. A three-Airy beam was theoretically proposed by multiplying three Airy beams and generated by utilizing diffractive optical elements [24] , [25] . Symmetric Airy beams have also been generated using binary phase patterns [26] . Recently, a polarization-controllable symmetric Airy beam was reported by using a photoaligned director-variant liquid crystal mask [27] . However, the tuning of trajectory for these accelerating beams was not investigated.
In this paper, we propose a simple and highly efficient method for directly yielding both tunable Airy beams (TABs) and tunable quadrate Airy beams (TQABs) by modulating a Gaussian beam imposed by a predesigned phase. The analytic relation between the phase and resulting propagation trajectory is derived from caustic theory. The primary benefit of such beams is their ability to move along a predesigned trajectory. Despite differences in propagation trajectories, these accelerating beams show non-diffracting and self-healing characteristics. This advantage also brings about the possibility of facilitating non-diffracting beams to avoid obstacles and transport particles to a desired location during optical manipulation. The TQABs were generated by utilizing the phase symmetry of TABs. Such beams exhibit distinct properties including autofocusing and tunable trajectories. Moreover, The TQABs present a thin needle-like structure in the focus region along the longitudinal direction. Their properties may contribute to Raman spectroscopy, fluorescent imaging, and second harmonic generation [28] . The approach also demonstrates the merit of a more compact configuration by omitting the Fourier transform procedure [29] . Experimental results agreed well with theoretical simulations. Strictly speaking, a beam that propagates only along parabolic trajectories is called an Airy beam. However, for convenience, we refer to our proposed caustic beams as tunable Airy beams or tunable quadrate Airy beams.
Theory
To demonstrate the propagation behavior of tunable Airy beams, we first consider the paraxial wave equation that governs propagation dynamics for an electric field envelope φ:
Here s = x/x 0 represents a dimensionless transverse coordinate, x 0 is an arbitrary transverse scale, ξ = z/kx 2 0 is a normalized propagation distance, and k = 2π/λ is the wavenumber. Equation (1) has the following non-diffracting Airy solution φ(s, ξ = 0) = A i (s) in the initial plane [2] . Mathematically, the Airy function is approximated quite well A i (s) ≈ s −1/4 exp(i Cs 3/2 ) when s → +∞, where C represents a constant. This means the initial Airy beam φ(s, ξ = 0) can be expressed as the product of an amplitude function and a 3/2-order phase-only function [29] , [30] . As a result, one can experimentally generate an Airy beam using a plane wave or Gaussian beam imposed on a 3/2-order phase: Here g(s) denotes the amplitude of a Gaussian beam or plane wave, and ϕ(s) is the 3/2-order phase-only function, which produces the parabolic trajectory of the Airy beam. The key to controlling propagation is to derive a relationship between phase and propagation trajectory. Airy beams remain diffraction-free during propagation. In other words, the evolution of the Airy beam has a stationary Airy-structure. Consequently, the Airy beam must satisfy |φ(s, [31] . This implies the Airy beam propagates along a trajectory s = f (ξ) while preserving its shape.
It is well known that Airy beams can be considered as caustic rays emerging laterally from points in the initial aperture, located far away from the main lobe [32] , [33] . This conceptual interpretation provides an excellent framework for the structure of a tunable phase mask that could enable Airy beams to propagate along arbitrary trajectories. Fig. 1 illustrates the generation principle for TABs. An Airy beam can be considered as a plane wave or Gaussian beam modulated by a speciallydesigned phase ϕ t (s) such that its constituent rays form a caustic along the desirable trajectory s = f (ξ). The local spatial frequency u(s) of the complex exponential function g(s) exp[i ϕ t (s)] is defined as [34] , [35] :
Under this slowly-varying envelope, the spatial frequency of the optical field g(s) exp[i ϕ t (s)] is equal to the directional cosine of the local wave front [35] , or u(s) = cos α / λ . Consequently, the phase function can be calculated by integrating the phase derivative:
Here cos α denotes the directional cosine of the local wave front. The caustic is determined as an envelope for a family of tangents such that any point s 0 on the initial plane ξ = 0 is functionally connected to a point on the caustic through a tangent of slope θ, where tan θ = (s − s 0 )/ξ = f (ξ) and θ represents the co-angle of angle α. Hence, we assume cos α = sin θ ≈ tan θ = f (ξ) in the paraxial approximation. Subsequently, substituting cos α = f (ξ) into (4) and integrating the phase derivative, we can establish a relationship between phase and the resulting propagation trajectory 
Here 0 ≤ s ≤ ρ, ρ is the semi-aperture size, and the function f (ξ) in (5) can be expressed as a function of the transverse coordinate s based on the propagation trajectory s = f (ξ). The resulting tunable Airy beams are then given by φ t (s, ξ = 0) = g(s) exp[i ϕ t (s)], and the evolution of the TABs is given by the Fresnel diffraction integral under the slowly-varying envelope and the paraxial approximation [36] :
Here the initial field amplitude is assumed to be a Gaussian distribution g(s) = exp(−s 2 /ω 2 0 ) for 0 ≤ s ≤ ρ, where g(s) = 0 for −ρ ≤ s < 0 and ω 0 is the waist radius of the Gaussian beam.
First, we assume the Airy beam propagates along a power-exponential trajectory s = aξ 3 , where a represents a positive constant. We can then obtain f (ξ) = 3aξ 2 and ξ = 3 √ s/a. Substituting these into (5), a corresponding phase expression is given by ϕ t (s) = (9π/5λ)(2a) 1/3 s 5/3 . Fig. 2 (a1) and (b1) plots the phase pattern and the resulting propagation trajectory, respectively.
Similarly, we can also construct the phase of the power-exponential trajectory s = aξ 4 , i.e., ϕ t (s) = (32π/21λ)(3a) 1/4 s 7/4 . The corresponding results are presented in Fig. 2(a2) and (b2), respectively. In addition, the propagation trajectory can also follow other power-exponential s = aξ n (n > 1), logarithmic, circular, and e-exponential trajectories. Fig. 2(a3) and (b3) illustrates these results for a logarithmic curve s = b 1 ln(b 2 ξ), where the derived phase is ϕ t (s) = (2π/λe)b 1 2 b 2 [exp(s/b 1 ) − 1]. As shown in Fig. 2 , we can control the propagation trajectory by readily adjusting the corresponding phase. As previously mentioned, these tunable trajectories are monotonic, rather than oscillating, curves. This is not surprising given these trajectories (caustics) are formed by a collection of ray tangency points emerging from the caustic to the phase plane.
We next expand this concept by performing a mirror-symmetry of the phase ϕ t (s), i.e., ϕ ts (s) = ϕ t (|s|). Here ϕ ts (s) denotes the tunable symmetric phase. By definition, this even function satisfies ϕ ts (+s) = ϕ ts (−s). Consequently, a tunable symmetric Airy beam (1D) can be generated, i.e., φ ts (s, Fig. 3 (a1) and (b1) demonstrates the symmetry-induced phase pattern and the resulting propagation trajectories corresponding to Fig. 2(a1) and (b1). As seen in Fig. 3(a1) , the phase ϕ ts (s) exhibits perfect symmetry. Consequently, this will inevitably induce a symmetric Airy beam, as shown in Fig. 3(b1) . Symmetric Airy beams exhibit opposite acceleration during propagation and are symmetric about the ξ axis. These beams share one main lobe in the initial stage and then autofocus at one distance, later separating into two distinct Airy beams whose intensity maxima propagate along two opposite propagation trajectories, s = aξ 3 and s = −aξ 3 , respectively. Accordingly, these results along two opposite trajectories s = ±aξ 4 are shown in Fig. 3(a2) and (b2).
Experimental Results
Our experimental configuration is depicted in Fig. 4 . The input laser light (He-Ne laser at 632 nm) was utilized to yield a collimated and expanded Gaussian laser beam with an 8.6 mm FWHM. It was then reflected by a computer-controlled spatial light modulator (SLM) with a pixel size of 8 μm and a resolution of 1920 × 1080 pixels (Holoeye Pluto, Germany). The predesigned phase patterns were then imposed on this optical signal and then the reflected and modulated wave fronts were finally measured using a CCD. This device could be moved along an optical axis to acquire snapshot images of the intensity distribution. We first consider the predefined trajectory experimentally, as a parabolic curve that can be expressed as s = aξ 2 . Likewise, we can derive the corresponding phase ϕ t (s) = (8π/3λ)a 1/2 s Fig. 5(c1) -(c4) exhibits numerical intensity distributions at normalized propagation distances of ξ = 200, 400, 600, and 800, respectively. The corresponding experimental results at propagation distances of z = 200, 400, 600, and 800 mm are shown in Fig. 5(d1) (d4) , respectively. These results are in excellent agreement with those in [2] and [29] .
As seen in Fig. 5(b) , the tail lobes of the Airy beam are very large in the initial stage and then gradually become smaller with increasing propagation distance. Eventually the Airy beams will diffract owing to the limited aperture. The experimental results are consistent with numerical results. To better illustrate the evolution of Airy beams, the dynamic propagation behavior is described in Likewise, we performed mirror-symmetry of the aforementioned 2D phase ϕ t (s x , s y ) as follows:
Here ϕ tq (s x , s y ) denotes the tunable quadrate phase. Fig. 6 (a) depicts the geometrical model of TQABs similar to Fig. 1 . However, the difference with Fig. 1 is that the input beam fills the whole aperture besides the different phase pattern. The quadrate phase results in two symmetric trajectories in the s x − ξ plane (another two symmetric trajectories in the s y − ξ plane). A more vivid propagation for TQAB in 3D space is demonstrated in Fig. 6(b) , where the blue lines denote the propagation trajectories of four main lobes of the TQAB, and the red lines represent the intensity profiles of the TQABs.
Similarly, we assume the Airy beam propagates along parabolic trajectories in the s x − ξ and s y − ξ planes, respectively. Consequently, the tunable quadrate phase can be expressed as:
There exists a phase satisfying ϕ tq (+s x , +s y ) = ϕ tq (+s x , −s y ) = ϕ tq (−s x , +s y ) = ϕ tq (−s x , −s y ). Consequently, the tunable quadrate phase pattern must present quadrate symmetry. The 2D optical field induced by the phase ϕ tq (s x , s y ) can be expressed as
. This is the tunable quadrate Airy beam, where Fig. 7(a) demonstrates the quadrate phase pattern, which presents perfect quadrate symmetry. The phase ϕ tq (s x , s y ) will inevitably induce four Airy beams that compose a quadrate Airy beam. A simulated side-view of the quadrate Airy beam is depicted in Fig. 7(b1) . Note the highest intensity values are concentrated in the central lobes, forming a thin needle-like structure along the longitudinal direction. Here the parameter a controls the length of this thin structure. A smaller value of a results in a longer, needle-like structure. Fig. 7 (b2) and (b3) show different lengths in the cases of a = 5 × 10 −7 and a = 5 × 10 −8 , respectively. This property may contribute to fluorescent imaging, second harmonic generation, and Raman spectroscopy [28] . Note the intensity maximum is not located in the initial ξ = 0 plane, but appears a certain distance from the initial plane. Such beams exhibit the distinct property of autofocusing, as shown in Fig. 7(b3) . More specifically, the central intensity collapses quickly and subsequently splits into four independent off-axis Airy beams, which follow four parabolic trajectories s x = aξ 2 , s x = −aξ 2 , s y = aξ 2 , and s y = −aξ 2 , respectively. Fig. 7(c1) -(c4) demonstrate intensity profiles for the TQABs at normalized propagation distances of ξ= 100, 200, 400, and 600, respectively. TQAB intensity distributions exhibit quadrate symmetry. Also note the four main lobes evolve from internal to external vertexes during propagation and move along their respective parabolic trajectories. Simultaneously, they accelerate in the opposite direction and move away from the optical axis ξ [see Media 2] . Owing to the asymmetric intensity profile of the traditional Airy beam, such symmetric structured beams can move microparticles without any specific alignment between the beam and particles. Thus, we believe the symmetry of the intensity distribution can optimize the experimental configuration, particularly for manipulating multiple microparticles simultaneously [37] , [38] . Such TQABs show evidence of non-diffracting properties, as shown in Fig. 7(c1)-(c4) . The corresponding experimental results are plotted in Fig. 7(d1)-(d4) . These experimental results are consistent with numerical simulations.
As demonstrated, the TQABs possess non-diffracting properties, thus we can deduce they are also self-healing. Experimentally, we used a metal needle to block one main TQAB lobe and then moved the CCD along the optical axis. The resulting intensity profiles were then captured by the CCD. Fig. 8(a1)-(a4) shows the experimental intensity profiles of TQABs at propagation distances of z = 600, 620, 640, and 660 mm, respectively. Evidently, the blocked TQABs can visibly recover their main lobe during propagation. Similarly, Fig. 8(b1) -(b4) depicts the corresponding results at propagation distances of z = 610, 630, 650, and 670 mm, respectively, in which one TQAB side lobe is blocked. This self-healing property confirms the TQAB is a non-diffracting beam.
For comparison, Fig. 9 presents the corresponding results (similar to Fig. 7 ) in the case of logarithmic trajectories s x,y = ±b 1 ln(b 2 z). This phase pattern also shows a quadrate symmetric distribution, as depicted in Fig. 9(a) . Fig. 9 (c1)-(c4) displays numerical intensity profiles at normalized propagation distances of ξ = 40, 60, 80, and 100, respectively. Corresponding experimental results are plotted in Fig. 9(d1)-(d4) . Note the four main lobes preserve inward, unlike the parabolic trajectories. The dynamic evolution is also demonstrated in Media 3.
The corresponding transverse acceleration for parabolic trajectory is also measured by moving the CCD on the 2D platform. The beam deflection along propagation direction is plotted in Fig. 10 with four transverse profiles inserted. The red and blue solid lines denote the theoretical parabolic trajectories of TQAB in x-z plane, and the red and blue dashed line denote the fitted curves. The green dots represent the measured experimental data. The fitted curves agree well with numerical simulation curves, and this also demonstrates the effectiveness of our proposed approach.
Conclusion
We have proposed a simple and highly-efficient approach to directly generate tunable Airy beams and quadrate symmetric Airy beams by modulating input Gaussian beams imposed with a predesigned phase pattern. Such beams can propagate along arbitrary monotonic trajectories. The analytic relationship between phase and propagation trajectory was also derived. Unlike conventional multi-Airy beams, these quadrate beams exhibit symmetric intensity profiles, autofocusing, and tunable trajectories. Such symmetric structured beams can simultaneously manipulate multiple microparticles and exhibit non-diffracting and self-healing properties. These tunable trajectories for caustic beams may help to further the capabilities of optical manipulation techniques.
